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It is proved that the covering radius of long binary BCH codes with designed istance 2t + 1 
is at most 2t. 
1. Result 
Let m i(x) E ~:2 Ix] denote the minimal polynomial of gi where g is an element of 
order 2 m-  1. Let the code C of length n = (2 m-  1) /N  have the generator polynomial 
g(x) = mN(x)m3N(X) "" m(2 t_ 0N(X), 
and let Q be the covering radius of C. Helleseth [2, Corollary 3.3] proved that 
2 t -  1 <Q<2t+ 1 if 2m_((2t - 1)N-  1) 4t+2. (1.1) 
He also stated that it would be desirable to know whether or not Q = 2t -  1 when m 
is sufficiently large compared to t and N. In this note we close the gap between the 
numbers 2 t -  1 and 2t + 1 
Q_<2t 
if 
halfway by showing that 
(1.2) 
2 m _ ((2t - l )N)  4t+2. (1.3) 
The main idea of this improvement is to replace a system of t non-homogeneous 
equations of 2t variables by a system of t homogeneous equations of 2t + 1 variables. 
Using this method it is possible to prove the result (1.2) also for more general cyclic 
codes (cf. [2, Theorem 3.1]). Of course, the inequality (1.3) is not best possible. 
2. Exponential sums 
Denote 2 m by q,  [~q by F, and F -{0}  by F*. Let a be an element of F, 
a = (a l , . . . ,  at), b = ( i l l , . . . ,  Bt) and k elements of F t, a. b = t~l]~ 1 + "'" + t~t~t ,  
rn-I 
2 i
Tr(a)= • a ,  (2.1) 
i=0 
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and 
Then 
and 
I -1  if T r (a)= 1, e(a) = 1 if Tr(a) = 0. 
e(k.(a+b))=e(k.a)e(k.b) 
Iq t if a=0,  *~F' e(k.a)= 0 if a~0.  
(2.2) 
(2.3) 
(2.4) 
3. Proof of (1.2) 
Assume that the inequality (1.3) is valid and denote (2 t -1 )N  by D. Assume 
that (b l , . . . ,b t )eF  t. Then, by (2.3) and (2.4), No, the number of solutions 
(Xl, ..., x2t, y) e F 2t x F* of the system 
2t 
x(2i- l )N:biY (2i-l)N ( i= 1, ..., t), (3.1) 
j=l  
can be expressed in the form 
( )) q-t E "'" E E E e k. E f(xj)+b(y) 
xI~F x2t~F y~F* k~F t j=l  2t ( )  
=q-t E ~ ~., e(k.f(xj)) ~ e(k.bO')) 
k~F t "= xj~F y~F* ( )2, 
=q-t ~F ~ e(k.f(x)) E e(k.b(y)) 
k t x~F y~F* 
where 
and 
f (x )  = (X  N X 3N . . . ,  X (2 t -  1)N) 
bO') = (blY~ b2y3N, ..., btY (2t- ON). 
Since, by (2.1), (2.2) and [1], 
~ : q2t 
e(k'f(x))2t~>-O 
x~r [.<_ (D - 1)2t q t 
for k=0,  
for all k, 
for k~0,  
and 
e(k. b(y)) I = q - 1 
y~r. _> - (/9 - 1)q ~ - 1 
for k =O, 
for all k, 
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we thus have 
qtNo>-q2t(q-  1) - (q  t -  1 ) (D-  1)2tqt( (D-  1)q ~ + 1) 
>q2t+ 1 _ (O-  1)2tOq 2t+½ - qZt 
> q2t + +(q+ _ o2t  + 1) > O. 
Hence the system (3.1) has a solution (Xl, o..,X2t , y) with yq:0 and so the system 
2t 
x(2i-I)N_ hi ( i= 1, ..., t) (3.2) 
j= l  
has the solution (y-1XI, . . . ,  y -lXEt). Since, by [2, Lemma 1.1], Q_<2t if for any 
(bl,  . . . ,  bt)~ F t the system (3.2) has a solution in F 2t, this result implies our asser- 
tion (1.2). 
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